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Abstract
We find new type II backgrounds with non-relativistic symmetries via non-
Abelian T-duality. First we consider geometries with Galilean symmetries
in type IIA, which have been identified as non-relativistic generalizations of
the ABJM background and massive IIA supergravities. We then consider
the non-Abelian T-duality transformation on the backgrounds with Lif-
shitz symmetry constructed by Donos and Gauntlett. Using gauge/gravity
duality we study aspects of the field theory dual to these backgrounds.
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1 Introduction
Gauge/gravity duality [1, 2, 3] (for a standard review, see [4]) has had a lot of success
describing gauge theories, when derived from the decoupling limit of a system of
branes.
But a lot of the recent interest has been instead focused on applications to con-
densed matter physics, specifically in the study of strongly coupled systems described
by relativistic and also nonrelativistic field theories. Since gauge/gravity duality re-
lates strong coupling in field theory to weak coupling in gravity (and vice versa),
we can analyze models that are otherwise very difficult to analyze. Since however
in these AdS/CMT cases we usually have no decoupled system of branes, only a
phenomenological construction of a gravity dual, we have usually less control over
the construction. One degree of control is obtained by analyzing symmetry.
The symmetries of the field theory are realized geometrically as isometries in the
1
gravity dual side. In the best known example, type IIB string theory on AdS5 × S5
vs. N = 4 SYM, the isometry group of the gravity dual is SO(4, 2) × SO(6),
matching with the one of a four dimensional conformal field theory with N = 4
supersymmetries [1]. While the SO(4, 2) symmetry of the anti-de Sitter space is
reinterpreted as the conformal group in 3 + 1 dimensions, the group SO(6) ' SU(4)
can be identified with the R-symmetry group of the conformal theory.
In the case of strongly coupled condensed matter systems, we have a variety of
numerical and theoretical tools from statistical physics and quantum field theory
[5, 6], but they usually are hard to use. In the case of relativistic systems, the tools
of AdS/CFT are applied in the usual way. But in the case of systems with non-
relativistic spacetime symmetries, we first define the non-relativistic algebra and
then we try to realize it geometrically [7, 8, 9, 10, 11, 12].
There are two symmetry algebras that are relevant in the nonrelativistic case
(see [13] and references therein). The first one, known as Lifshitz algebra, contains
the generators for rotations {Mij}, translations {Pi}, time translations {H} and di-
latations D, satisfying the standard commutation relations for {Mij, Pi, H} together
with
[D,Mij] = 0 , [D,Pi] = iPj , [D,H] = izH , (1.1a)
and in [14] the geometric realization of the above symmetry (which has been embed-
ded in string theory in [15, 16]) was defined by the gravity dual
ds2 = L2
(
−dt
2
r2z
+
dxidxi
r2
+
dr2
r2
)
. (1.1b)
As we can see, for z = 1 we recover Anti-de Sitter space.
A second relevant algebra is the conformal Galilean algebra which contains, be-
sides the generators for rotations {Mij}, translations {Pi}, time translations {H}
and dilatations D, also the ”Galilean boosts”, generated by Ki, with nontrivial com-
mutators
[Mij, Kk] = i(δikKj − δjkKi) , [Pi, Kj] = −iδijN , [Ki, H] = −iPi ,
[D,Ki] = i(1− z)Ki ,
(1.2a)
In the special case z = 2, the algebra is called the Schro¨dinger algebra. Here N is the
number operator, which counts the number of particles with a given mass m, and in
general has has only one nontrivial commutation relation, [D,N ] = i(2 − z)N , but
in the z = 2 (Schro¨dinger) case we see that it becomes a central charge. Curiously,
it is not possible to arrange the D-dimensional Schro¨dinger algebra as an isometry
in (D + 1)-dimensions, but in [8, 9] it was realized that we can write a gravity dual
as a (D + 2)-dimensional space, with metric
ds2 = L2
(
−dt
2
r2z
+
−2dtdξ + dxidxi
r2
+
dr2
r2
)
. (1.2b)
2
Obtaining nonrelativistic gravity duals in string theory turns out to be difficult
(see [10, 11, 12, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]).1 In relativistic cases, several
different techniques have been employed in order to generate supergravity solutions,
see [26, 27, 28] for recent developments. One particularly interesting solution gener-
ating technique which has been applied extensively is T-duality. In the usual case,
T-duality relates strings in a background with a compact direction, S1 of radius R,
with a background with an S1 of radius α′/R. The physical spectrum of a string in
the geometry is invariant under this transformation, see e.g. [29, 30, 31, 32, 33].
This usual duality (on S1) is abelian (U(1) group), but a non-Abelian generaliza-
tion for the group SU(2), called non-Abelian T-duality, was introduced in [34] and
became an issue of recent interest [35, 36, 37, 38, 39, 40, 41]. This non-abelian T-
duality (NATD) transformation has been used successfully as a solution generating
technique [42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54], although some issues
concerning global properties of the dual manifold remain.
Considering the difficulties in constructing string theory gravity duals with non-
relativistic symmetries, in this paper we consider NATD of known gravity dual solu-
tions. In section 2, we apply this technique to the solutions with conformal Galilean
symmetry constructed in [22], and in section 3 to the solutions with Lifshitz symme-
tries constructed in [16].
In order to define the dual field theory, in section 4 we start by calculating the
quantized Page charges of the spaces constructed in the section 2 and 3. In particular,
we compare the charges of the Galilean solution constructed in section 2 with the
charges calculated in [46]. We then define and study holographic Wilson loops in
these backgrounds, and in section 5 we conclude.
2 Galilean Solutions
In this section, we first give a short review of the solutions of [22], which are nonrela-
tivistic generalizations of the gravity dual to ABJM [55] in type IIA string theory. We
then perform non-Abelian T-duality on them, obtaining new type IIB backgrounds.
We consider the solutions in [22] because they have the nontrivial z = 3, even though
we don’t know much about their holographic dual field theory.
1See [25] for the embedding of nonrelativistic string backgrounds via the use of abelian T-duality
in the context of double field theory.
3
2.1 Galilean type-IIA solution and its NATD
The Galilean nonrelativistic solution of type IIA string theory of [22] has string frame
metric2
ds2IIA =
R2
4
(
−β
2(dx+)2
z6
+
dy2 + dz2 − 2dx+dx−
z2
)
︸ ︷︷ ︸
ds2Gal
+R2 ds2CP3 (2.1)
where R2 =
√
R˜3/k and the Fubini-Study metric for CP3 is (see, e.g. [56, 57])
ds2CP3 = dζ
2 +
1
4
cos2 ζ(dθ21 + sin
2 θ1dφ
2
1) +
1
4
sin2 ζ(dθ22 + sin
2 θ2dφ
2
2)
+
1
4
sin2 ζ cos2 ζ(dψ + cos θ1dφ1 + cos θ2dφ2)
2,
= dζ2 +
1
4
cos2 ζds21 +
1
4
sin2 ζ(τ 21 + τ
2
2 ) +
1
4
sin2 ζ cos2 ζ (τ3 + cos θ1dφ1)
2 .
(2.2)
Here ds21 = dθ1 + sin
2 θ1dφ
2
1, ζ ∈ [0, pi/2], θi ∈ [0, pi], φi ∈ [0, 2pi], ψ ∈ [0, 4pi] and τi
are the Maurer-Cartan forms for the group SU(2), namely
τ1 = − sinψdθ2 + cosψ sin θ2dφ2
τ2 = cosψdθ2 + sinψ sin θ2dφ2 (2.3)
τ3 = dψ + cos θ2dφ2 ,
with dτi =
1
2
ijkτj ∧ τk. Considering the equation (A.7), we see that
ds27 = ds
2
Gal +R
2dζ2 +
R2
4
cos2 ζds21 , (2.4a)
3∑
i=1
e2Ci(τi + A
i)2 =
R2
4
sin2 ζ(τ 21 + τ
2
2 ) +
R2
4
sin2 ζ cos2 ζ(τ3 + cos θ1dφ1)
2 , (2.4b)
that is,
eC1 = eC2 =
R
2
sin ζ ≡ β1/21 , eC3 =
R
2
sin ζ cos ζ ≡ β1/22 ,
A1 = A2 = 0 , A3 = cos θ1dφ1 .
(2.4c)
We define the vielbeins associated to the Galilean metric
ds2Gal = −e+e+ + e−e− + eyey + ezez , (2.5a)
2Using the fact that the constant β is arbitrary, we make the transformation β → 1√
2
β, compared
with [22]. Also, remember that gstrµν = e
4
D−2φgEµν .
4
as
e+ =
Rβ
2
(
1
z3
dx+ +
z
β2
dx−
)
, e− =
Rz
2β
dx−
ey =
R
2z
dy , ez =
R
2z
dz .
(2.5b)
This solution is also supplemented with the following fields
eφ =
R
k
, B =
β√
2
R2p
z4
dx+ ∧ dy , (2.6)
C(1) =
β√
2
qk
z3
dx+ + 2kω ,
dC(3) =
3R2k
8z4
dx+ ∧ dx− ∧ dy ∧ dz = 6k
R2
e+ ∧ e− ∧ e∧ez , (2.7)
where q = 2p = 1√
2
, J = dω is a Ka¨hler 2-form on CP3 and the level k is the
quantum of dC(1) on CP1 ∈ CP3 , that is∫
CP1
dC(1) = 2pik . (2.8)
Considering that on the CP1(θ1, φ1) with ζ = 0 we have (e.g. [46])
ω = −1
4
sin2 ζ (τ3 + cos θ1dφ1) +
1
4
cos θ1dφ1
= −1
2
tan ζ E3 +
1
4
cos θ1dφ1 ,
(2.9)
we have
J = E3 ∧ Eζ + Eφ ∧ Eθ − E1 ∧ E2 (2.10)
where we have defined the following vielbeins with relation to the metric ds2CP3 in
(2.2)
Eζ = dζ , Eθ =
1
2
cos ζdθ1 , Eφ =
1
2
cos ζ sin θ1dφ1
E1 =
1
2
sin ζτ1 , E2 =
1
2
sin ζτ2 , E3 =
1
2
sin ζ cos ζ(τ3 + cos θ1dφ1) .
(2.11)
With these definitions we can easily see that vol(CP3) = 1
3!
J ∧ J ∧ J , that is
vol(CP3) = Eζ ∧ Eφ ∧ Eθ ∧ E1 ∧ E2 ∧ E3
=
1
32
cos3 ζ sin3 ζ sin θ1 sin θ2dζ ∧ dθ1 ∧ dφ1 ∧ dθ2 ∧ dφ2 ∧ dψ .
(2.12)
Therefore, using the quantization of the Page charge
1
(2piα′1/2)7−p
∫
Σ8−p
F8−p = QDp ∈ Z , (2.13)
5
where F = F ∧ e−B, for some cycle Σ8−p, we can see that
1
(2piα′1/2)5
∫
CP3
∗F4 = ND2 ∈ Z ⇒ R4 = 32pi
2α′5/2
k
ND2 . (2.14)
The vielbeins with relation to the metric (2.1) for the internal space are defined
as
eζ = Rdζ , eθ =
R
2
cos ζdθ1 , eφ =
R
2
cos ζ sin θ1dφ1 , (2.15a)
e1 =
R
2
sin ζτ1 ≡ β1/21 τ1 , e2 =
R
2
sin ζτ2 ≡ β1/21 τ2 , (2.15b)
e3 =
R
2
sin ζ cos ζ (τ3 + cos θ1dφ1) ≡ β1/22 (τ3 + A3) . (2.15c)
The relativistic limit of this solution, that is AdS4×CP3, can be recovered by setting
β → 0.
2.1.1 Nonabelian T-dual of the Galilean background
Now we want to perform a T-duality transformation [40, 41, 43, 58] with respect to
the SU(2) isometry. We construct the matrixMij, defined byMij = gij+bij+α
′ijkvˆk,
obtaining (since bij = 0),
M =
 β1 α′vˆ3 −α′vˆ2−α′vˆ3 β1 α′vˆ1
α′vˆ2 −α′vˆ1 β2
 . (2.16a)
We consider a gauge where θ2 = φ2 = v2 = 0, so that vˆ = (cosψv1, sinψv1, v3),
where ψ ∈ [0, 2pi]. We can make connections the gauge choice in [46] by making
the transformation (v1 = ρ sinχ, v3 = ρ cosχ) with χ ∈ [0, pi] and the range of the
coordinate ρ is not yet determined, but we argue that ρ ∈ [npi, (n+1)pi) as in [46, 59],
(see [40] for other possible gauge choices).
Therefore, the matrix M in this gauge is
M =
 β1 α′v3 −α′ sinψv1−α′v3 β1 α′ cosψv1
α′ sinψv1 −α′ cosψv1 β2
 . (2.16b)
The dilaton in the dual theory is given by
φ̂ = φ− 1
2
ln
(
∆
α′3
)
⇒ eφ̂ = Rα
′3/2
k∆1/2
, (2.17)
6
where ∆ ≡ detM = [(β21 + α′2v23)β2 + α′2v21β1].
Using the results of Appendix A, the dual metric becomes
dsˆ2IIB = ds
2
7 +
1
∆
dΣ2 (2.18a)
where
dΣ2 = (z1Dz1 + z2Dz2 + z3Dz3)
2 + e2(C2+C3)Dz21 + e
2(C1+C3)Dz22 + e
2(C1+C2)Dz23
= α′2v21β1β2ηˆ
2 + α′2
{
(β1β2 + α
′2v21)dv
2
1 + (β
2
1 + α
′2v23)dv
2
3 + 2α
′2v1v3dv1dv3
}
,
(2.18b)
with ηˆ = dψ + cos θ1dφ1. Here we have used that za = α
′vˆa and
1
α′
Dz1 = dvˆ1 − vˆ2A3 , 1
α′
Dz2 = dvˆ2 + vˆ1A
3 ,
1
α′
Dz3 = dvˆ3 . (2.19)
The dual vielbeins are
eˆa = e
Ca∆−1
[
zazbDzb + e
2
∑
b 6=a CbDza + abczbe
2CbDzc
]
, (2.20)
such that
eˆ′1 ≡ cosψeˆ1 + sinψeˆ2 =
α′β1/21
∆
[
(β1β2 + α
′2v21)dv1 + α
′2v1v3dv3 − α′β2v1v3ηˆ
]
(2.21a)
eˆ′2 ≡ − sinψeˆ1 + cosψeˆ2 =
α′β1/21
∆
[α′β2v3dv1 − α′β1v1dv3 + β1β2v1ηˆ] (2.21b)
eˆ3 =
α′β1/22
∆
[
α′2v1v3dv1 + (β21 + α
′2v23)dv3 + α
′β1v21 ηˆ
]
. (2.21c)
The Kalb-Ramond field is given by
B̂ =
β√
2
R2p
z4
dx+ ∧ dy
− 1
∆
{
e2C1z1Dz2 ∧Dz3 + e2C2z2Dz3 ∧Dz1 + e2C3z3Dz1 ∧Dz2
}−Dz3 ∧ A3
=
β√
2
R2p
z4
dx+ ∧ dy − α
′3v1v3β2
∆
dv1 ∧ ηˆ + α
′(α′2v21β1 −∆)
∆
dv3 ∧ (cos θ1dφ1)
+
α′3v21β1
∆
dv3 ∧ dψ
=
β√
2
R2p
z4
dx+ ∧ dy − α
′β2
∆
(
α′2v1v3dv1 + (α′2v23 + β
2
1)dv3
)︸ ︷︷ ︸
=
√
β2 eˆ3∧ηˆ
∧ηˆ + α′dv3 ∧ dψ︸ ︷︷ ︸
(closed form)
(2.22a)
7
or, using the spherical coordinates (v1, v3) = (ρ sinχ, ρ cosχ),
B̂ =
β√
2
R2p
z4
dx+ ∧ dy − α
′β2
∆
(
(β21 + α
′2ρ2) cosχdρ− β21ρ sinχdχ
) ∧ ηˆ
=
β√
2
R2p
z4
dx+ ∧ dy − α′R
2 sin2 ζ
64∆
{
R4ρ cos2 ζ sin4 ζ cos θ1 sinχdφ1 ∧ dχ
+ cos2 ζ cos θ1 cosχ(R
4 sin4 ζ + 16α′2ρ2)dρ ∧ dφ1 (2.22b)
− ρR4 sin4 ζ cos2 ζ sinχdχ ∧ dψ + (R4 sin4 ζ + 16α′2ρ2) cos2 ζ cosχdρ ∧ dψ
}
After a gauge transformation, we can write the B-field as
B̂ =
β√
2
R2p
z4
dx+ ∧ dy − α′R
2 sin2 ζ
64∆
{
R4ρ cos2 ζ sin4 ζ cos θ1 sinχdφ1 ∧ dχ
+ cos2 ζ cos θ1 cosχ(R
4 sin4 ζ + 16α′2ρ2)dρ ∧ dφ1 (2.22c)
+ 16α′2ρ2
[
ρ(sin2 χ+ cos2 χ cos2 ζ) sinχdχ ∧ dψ − sin2 χ sin2 ζ cosχdρ ∧ dψ]}
− α′d(ρ cosχdψ) ,
with the term on the last line being a pure gauge contribution. The B̂-field at the
2-cycle defined by S˜2 = (φ1 = const., x
+ = const., y = const.;χ, ψ) is
B̂
∣∣∣∣
S˜2
= −α′ρ sinχdχ ∧ dψ , (2.23)
where we also have used that limζ→0 ∆sin2 ζ =
R2ρ2
4
α′2. Large gauge transformations
are defined such that the holonomy of B̂ satisfies
b =
1
4pi2α′
∣∣∣∣∫
S˜2
B̂
∣∣∣∣ ∈ [n, n+ 1), (2.24)
which justifies our choice ρ ∈ [npi, (n+ 1)pi).
In order to find the dual R–R fields, it is convenient to write the RR-fields before
the T-duality as
F2 = dC(1) = −12 qk
R2
ez ∧ et + 2k
R2
(e3 ∧ eζ + eφ ∧ eθ − e1 ∧ e2)
=
2k
R2
(
6q et ∧ ez + eφ ∧ eθ)− 2kβ1/22
R2
eζ ∧ (τ 3 + A3)− 2kβ1
R2
τ1 ∧ τ2
≡ G2 + J31 ∧ (τ 3 + A3) +K30τ1 ∧ τ2 (2.25a)
8
F4 = dC(3) −H ∧ C(1)
=
2k
R2
et ∧ ey ∧ ez ∧
(
3e− + 8p
cot θ1
cos ζ
eφ
)
− 16pk
R2
tan ζ et ∧ ey ∧ ez ∧ e3
=
2k
R2
et ∧ ey ∧ ez ∧
(
3e− +
8p cot θ1
cos ζ
eφ
)
− 16pkβ
1/2
2
R2
tan ζ et ∧ ey ∧ ez ∧ (τ 3 + A3)
≡ G4 + L33 ∧ (τ 3 + A3) , (2.25b)
with et = (e+ − e−)/√2, F6 = − ∗ F4 and F8 = ∗F2. Using equations (A.15a–A.16c)
we have that the dual fields in the RR sector are given by
α′3/2F̂1 = −α′v3 J31 −K30β1/22 eˆ3 + α′K30β−1/21 v1 (cosψeˆ2 − sinψeˆ1)
= −α′v3J31 − α′K30dv3 (2.26a)
α′3/2F̂3 = β1β
1/2
2 ∗7 G4 + α′G2 ∧
[
v1β
1/2
1 (cosψeˆ1 + sinψeˆ2) + v3β
1/2
2 eˆ3
]
+ J31 ∧
[
−β1eˆ1 ∧ eˆ2 + α
′β1/21 v1
β
1/2
2
eˆ3 ∧ (cosψeˆ1 + sinψeˆ2)
]
+
α′v3K30β
1/2
2
β1
eˆ1 ∧ eˆ2 ∧ eˆ3
= β1β
1/2
2 ∗7 G4 + α′2G2 ∧ (v1dv1 + v3dv3)−
α′2v1
∆
J31 ∧
[
(α′2v21β1 + β
2
1β2)dv1
+ v1v3α
′2β1dv3
] ∧ ηˆ − α′4v3v1
∆
K30β2dv1 ∧ dv3 ∧ ηˆ (2.26b)
α′3/2F̂5 = (1 + ∗)
{
α′G4 ∧
[
v1β
1/2
1 (cosψeˆ1 + sinψeˆ2) + v3β
1/2
2 eˆ3
]
+ β1β
1/2
2 G2 ∧ eˆ1 ∧ eˆ2 ∧ eˆ3
+ L33 ∧
[
−β1eˆ1 ∧ eˆ2 + α
′β1/21 v1
β
1/2
2
eˆ3 ∧ (cosψeˆ1 + sinψeˆ2)
]}
= −β1β1/22 ∗7 G2 + α′G4 ∧
[
v1β
1/2
1 eˆ
′
1 + v3β
1/2
2 eˆ3
]
+ ∗7L33 ∧
[
−β1eˆ3 + α
′β1/21 v1
β
1/2
2
eˆ′2
]
+ L33 ∧
[
−β1eˆ1 ∧ eˆ2 + α
′β1/21 v1
β
1/2
2
eˆ3 ∧ eˆ′1
]
9
−α′ ∗7 G4 ∧
[
v1β
1/2
1 eˆ
′
2 ∧ eˆ3 + v3β1/22 eˆ′1 ∧ eˆ′2
]
+ β1β
1/2
2 G2 ∧ eˆ1 ∧ eˆ2 ∧ eˆ3
= −β1β1/22 ∗7 G2 + α′2G4 ∧ [v1dv1 + v3dv2]−
α′β1
β
1/2
2
(∗7L33) ∧ dv3
− v1α
′2
∆
L33 ∧
[
(α′2v21β1 + β
2
1β2)dv1 + α
′2v1v3β1dv3
] ∧ ηˆ (2.26c)
− α
′3v1β1β
1/2
2
∆
∗7 G4 ∧ [v3β2dv1 − v1β1dv3] ∧ ηˆ
− α
′3v1β21β2
∆
G2 ∧ dv1 ∧ dv3 ∧ ηˆ
or, using spherical coordinates,
α′3/2F̂1 =
k
2
(−ρ sin2 ζ sinχdχ+ sin2 ζ cosχdρ− ρ sin 2ζ cosχdζ) (2.26d)
α′3/2F̂3 =
kR
4
sin3 ζ cos ζ
(
3eζ ∧ eθ ∧ eφ + 8p cot θ1
cos ζ
e− ∧ eζ ∧ eθ
)
+
2kα′2
R2
ρ
(
6qet ∧ ez + eφ ∧ eθ) ∧ dρ+ α′4R2
4∆
sin2 ζ cos2 ζρ3 cosχ sinχdρ ∧ dχ ∧ ηˆ
+
α′2kR2
4∆
ρ sin3 ζ cos ζ sinχ dζ ∧
[
R4
16
sin4 ζ cos2 ζd(ρ sinχ) + α′2ρ2 sinχ dρ
]
∧ ηˆ
(2.26e)
α′3/2F̂5 = (1 + ∗)
{
2kα′2
R2
ρ et ∧ ey ∧ ez ∧
(
3e− +
8p cot θ1
cos ζ
eφ
)
∧ dρ
+
α′3kR4
32∆
sin6 ζ cos2 ζ ρ2 sinχ
(
6q et ∧ ez + eφ ∧ eθ) ∧ dρ ∧ dχ ∧ ηˆ
+
2pkRα′2
∆
sin4 ζ ρ sinχ et ∧ ey ∧ ez∧
∧
[
R4
16
sin4 ζ cos2 ζd(ρ sinχ) + α′2ρ2 sinχ dρ
]
∧ ηˆ
}
. (2.26f)
2.2 Galilean solution in massive type-IIA and its NATD
We also have the following background, in the string frame [22]
ds2mIIA = a0
(
−β
2(dx+)2
z6
+
dy2 + dz2 − 2dx+dx−
z2
)
︸ ︷︷ ︸
ds2mGal
+
5a0
2
ds2CP3 (2.27a)
10
where a0 f
2 = 2, L2 = a0e
−φ/2, f 5/2 L2 = 2m1/20 and m0 is the Romans’ mass. In
this background we also have the nontrivial fields
e2φ =
f 2
m20
, B =
2β
f 2
1
z4
dx+ ∧ dy ,
C(1) =
2
√
5βm0
3f 2
1
z3
dx+ , dC(3) = 4
√
5m0
f 4z4
dx+ ∧ dx− ∧ dy ∧ dz .
(2.27b)
Note that the solution is similar to the one in the previous subsection, but there
are subtle differences. This solution does not preserve any supersymmetry even in
the relativistic case β = 0. We write the metric (2.27a) in a similar manner to the
previous subsection, as
ds2mIIA = ds˜
2
7 +
3∑
i=1
e2C˜i(σi + Ai)2 (2.28a)
where
ds˜27 = ds
2
mGal +
5a0
2
(
dζ2 +
1
4
cos2 ζds21
)
(2.28b)
and
3∑
i=1
e2C˜i(σi + Ai)2 =
5a0
8
[
sin2 ζ(τ 21 + τ
2
2 ) + sin
2 ζ cos2 ζ(τ3 + cos θ1dφ1)
2
]
, (2.28c)
such that
eC˜1 = eC˜2 =
√
5a0
2
√
2
sin ζ ≡ β˜1/21 , eC˜3 =
√
5a0
2
√
2
sin ζ cos ζ ≡ β˜1/22 ,
A1 = A2 = 0 , A3 = cos θ1dφ1 .
(2.28d)
2.2.1 Nonabelian T-dual of the massive Galilean background
The dual dilaton is given by
φ̂ = φ− 1
2
ln
(
∆˜
α′3
)
, (2.29)
where ∆˜ = [(β˜21 + α
′2v23)β˜2 + α
′2v21β˜1]. The nonabelian T-dual metric is
dsˆ2mIIB = ds
2
7 +
1
∆˜
dΣ˜2 (2.30a)
where
dΣ˜2 = (z1Dz1 + z2Dz2 + z3Dz3)
2 + e2(C2+C3)Dz21 + e
2(C1+C3)Dz22 + e
2(C1+C2)Dz23
= α′2v21β˜1β˜2ηˆ
2 + α′2
{
(β˜1β˜2 + α
′2v21)dv
2
1 + (β˜
2
1 + α
′2v23)dv
2
3 + 2α
′2v1v3dv1dv3
}
,
(2.30b)
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with ηˆ = dψ + cos θ1dφ1 . Here we have used that
1
α′
Dz1 = dvˆ1 − vˆ2A3 , 1
α′
Dz2 = dvˆ2 + vˆ1A
3 ,
1
α′
Dz3 = dvˆ3 . (2.31)
The dual Kalb-Ramond field is given by
B̂ =
2β
f 2z4
dx+ ∧ dy
− 1
∆˜
{
e2C˜1z1Dz2 ∧Dz3 + e2C˜2z2Dz3 ∧Dz1 + e2C˜3z3Dz1 ∧Dz2
}
−Dz3 ∧ A3
=
2β
f 2z4
dx+ ∧ dy − α
′3v1v3β˜2
∆˜
dv1 ∧ ηˆ + α
′(α′2v21β˜1 − ∆˜)
∆˜
dv3 ∧ (cos θ1dφ1)
+
α′3v21β˜1
∆˜
dv3 ∧ dψ
=
2β
f 2z4
dx+ ∧ dy − α
′β˜2
∆˜
(
α′2v1v3dv1 + (α′2v23 + β˜
2
1)dv3
)
∧ ηˆ + closed . (2.32)
Given that the original R-R fields are
F0 = m0 (2.33a)
F2 = dC(1) +m0B = m0 e
t
m0
∧
(√
5 ezm0 + e
y
m0
)
(2.33b)
F4 = dC(3) −H ∧ C(1) + m0
2
B ∧B
=
√
5 m0 e
t
m0
∧ e−m0 ∧ eym0 ∧ ezm0 , (2.33c)
where these vielbeins are related to the metric (2.27a), it folllows that the T-dual
fields are given by
α′3/2F̂1 = α′m0
[
v1β˜
1/2
1 (cosψeˆ
1 + sinψeˆ2) + v3β˜
1/2
2 eˆ
3
]
= m0α
′2(v1dv1 + v3dv3) (2.34a)
α′3/2F̂3 = m0β˜1β˜
1/2
2 eˆ
1 ∧ eˆ2 ∧ eˆ3 + β˜1β˜1/22 ∗7 F4
+ α′F2 ∧
[
v1β˜
1/2
1 (cosψeˆ
1 + sinψeˆ2) + v3β˜
1/2
2 eˆ
3
]
(2.34b)
= −α
′3m0β˜21 β˜2
∆˜
v1dv1 ∧ dv3 ∧ ηˆ + β˜1β˜1/22 ∗7 F4 + α′2F2 ∧ (v1dv1 + v3dv3)
α′3/2F̂5 = (1 + ∗)
{
α′F4 ∧
[
v1β˜
1/2
1 (cosψeˆ
1 + sinψeˆ2) + v3β˜
1/2
2 eˆ
3
]
+
+ β˜1β˜
1/2
2 F2 ∧ eˆ1 ∧ eˆ2 ∧ eˆ3
}
= −β˜1β˜1/22 ∗7 F2 + α′2F4 ∧ (v1dv1 + v3dv3)−
v1α
′3β˜21 β˜2
∆˜
F2 ∧ dv1 ∧ dv3 ∧ ηˆ
− α′3v1β˜1β˜
1/2
2
∆˜
(∗7F4) ∧ (v3β˜2dv1 − v1β˜1dv3) ∧ ηˆ (2.34c)
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or
α′3/2F̂1 = α′2m0 ρdρ (2.34d)
α′3/2F̂3 =
m0α
′3
∆
β˜21 β˜2ρ
2dρ ∧ volS˜2 + β˜1β˜1/22 ∗7 F4 + α′2ρF2 ∧ dρ
α′3/2F̂5 = α′2ρF4 ∧ dρ+ α
′3
∆
β˜21 β˜2ρ
2F2 ∧ dρ ∧ volS˜2 − β˜1β˜1/22 ∗7 F2
+
α′3
∆
β˜1β˜
1/2
2 ∗7 F4 ∧
[
−ρ2 sin2 χ cosχ
(
β˜1 − β˜2
)
ηˆ ∧ dρ
+ ρ3 sinχ
(
β˜2 cos
2 χ+ β˜1 sin
2 χ
)
ηˆ ∧ dχ
]
(2.34e)
where volS˜2 = sinχdχ ∧ dψ and
eˆa = e
Ca∆˜−1
[
zazbDzc + e
2
∑
b 6=a CbDza + abczbe
2CbDzc
]
. (2.35)
3 Lifshitz Solutions
In [15, 16], an infinite class of Lifshitz solutions of D = 10 and D = 11 supergravity
with dynamical exponent z = 2 was considered. In this section we review some
aspects of this class of solutions in [16], which has a special limit the solutions of
[15].
This type IIB supergravity solution has a metric of the form
ds2 = ds2Lif + L
2ds2E5 (3.1a)
where
ds2Lif = L
2
(
r2(+2dσdt+ dx21 + dx
2
2) +
1
r2
dr2 + fdσ2
)
= L2
(
−r
4
f
dt2 + r2(dx21 + dx
2
2) +
1
r2
dr2 + f
(
dσ +
r2
f
dt
)2)
,
(3.1b)
where f is a function of σ and of the coordinates of the Sasaki-Einstein manifold E5.
This background has also the nontrivial fields3
F5 = 4L
4(1 + ∗)V olE5 , (3.1c)
G = dσ ∧W , (3.1d)
P = gdσ . (3.1e)
3For τ = C0+ie
−φ, P = (i/2)eφdτ and G = ieφ/2dτ(τdB−dC2), where the scalar C0 is the axion
and φ the dilaton, and the 2-forms in the NS-NS and the RR sectors are B and C2, respectively.
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We can recover the standard solution AdS5 × E5 solution by W = f = g = 0 and
the solution of [15] can be obtained in the special limit W = 0, f = f(σ) > 0,
g = g(σ) ∈ R. In addition, the coordinate σ is compact and parametrizes a circle
S1.
Another interesting class of solutions are those with constant f . When we set
f to a constant, f = 1, the four dimensional non-compact part of this metric is
precisely the metric with the Lifshitz symmetry for z = 2 and r = 1
u
, that is
ds2 = L2
(
−dt
2
u4
+
dxidxi
u2
+
du2
u2
)
. (3.2)
Also, in [16], the authors showed that under certain conditions, we can consider the
KK-reduction on S1 × E5 and we get contact with the bottom-up construction of
Lifshitz solutions.
3.1 Homogeneous Space T (1,1)
We start considering the particular solution in which E5 is the homogeneous space
(SU(2)× SU(2))/U(1), that is, E5 = T (1,1) with metric
ds2T (1,1) =
1
9
(dψ + cos θ1dφ1 + cos θ2dφ2)
2 +
1
6
(dθ21 + sin
2 θ1dφ
2
1) +
1
6
(dθ22 + sin
2 θ2dφ
2
2)
=
1
L2
(
(e1)2 + (e2)2 + (e3)2 + (e1ˆ)2 + (e2ˆ)2
)
(3.3)
where
e1 =
L√
6
τ 1 , e2 =
L√
6
τ 2 , e3 =
L
3
(
τ 3 + cos θ1dφ1
)
e1ˆ =
L√
6
dθ1 , e
2ˆ =
L√
6
sin θ1dφ1
(3.4)
and τi are given by (2.4) Using these results and the notation of [41], we see that
eC1 = eC2 =
L√
6
≡ β¯1/21 , eC3 =
L
3
≡ β¯1/22 ,
A1 = A2 = 0 , A3 = cos θ1dφ1 .
(3.5)
In the NS-NS sector we have the Kalb-Ramond field B with field strength
H3 = −
√
2k dσ ∧
(
e1ˆ ∧ e2ˆ + e1 ∧ e2
)
, (3.6)
and this field strength can be generated by
B2 = − kL
2
3
√
2
cos θ1 dσ ∧ dφ1 + kL
2
3
√
2
dσ ∧ τ3 , (3.7)
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which means that β3 =
kL2
3
√
2
dσ. The dilaton and the axion are taken to be trivial.
In the R-R sector we just have the self-dual 5-form
F5 = 4 L
4
(
r3 dσ ∧ dt ∧ dr ∧ dx1 ∧ dx2 + V olT (1,1)
)
= 4 L4(1 + ∗) V olT (1,1) .
(3.8)
Note that we can consider an ordinary T-duality and an uplift of this solution in
order to find type IIA and D = 11 solutions (in this particular case we have f = k).
3.1.1 Nonabelian T-dual
The nonabelian T-duality with respect to the SU(2) isometry parametrized by the
(ψ, φ2, θ2) coordinates in the space T
(1,1) has been considered in [43] and was reviewed
in [40]. Here we consider a slight modification of [43], namely now we have a non-
vanishing Kalb-Ramond field and obviously the non-compact space is not AdS5.
Then the T-dual space has metric
dsˆ2 = ds2Lif +
L2
6
ds21︸ ︷︷ ︸
ds27
+
1
∆¯
( 3∑
i=1
ziDzi
)2
+ e2(C1+C2+C3)
3∑
i=1
e−2Ci(Dzi)2

= ds27 +
1
∆¯
{√
2L2kα′
3
(
α′2v1v2dv1 + (α′2v23 + β¯
2
1)dv3
)
dσ +
k2L4
18
(α′2v23 + β¯
2
1)dσ
2
}
+
α′2v21β¯1β¯2
∆¯
ηˆ2 +
α′2
∆¯
{
(β¯1β¯2 + α
′2v21)dv
2
1 + (β¯
2
1 + α
′2v23)dv
2
3 + 2α
′2v1v3dv1dv3
}
(3.9)
where the coordinates are {z1 = α′vˆ1, z2 = α′vˆ2, z3 = α′vˆ3} and their “covariant”
derivatives Dzi are
1
α′
Dz1 = dvˆ1 − vˆ2A3 , 1
α′
Dz2 = dvˆ2 + vˆ1A
3 ,
1
α′
Dz3 = dvˆ3 +
1
α′
β3 , (3.10)
and finally ∆¯ = [(β¯21 +α
′2v23)β¯2 +α
′2v21β¯1], which is related to the dual dilaton φˆ field
by ∆¯ = α′3e−2φˆ.
The T-dual NS–NS two-form is
B̂ = − kL
2
3
√
2
cos θ1 dσ ∧ dφ1 − 1
∆¯
(
ijke
2CiziDzj ∧Dzk
)− cos θ1Dz3 ∧ dφ1
= − kL
2
3
√
2
cos θ1 dσ ∧ dφ1 − α
′3
∆¯
(
β¯2v1v3dv1 − β¯1v21dv3
) ∧ ηˆ
− kL
2
3
√
2∆¯
β¯2(β¯
2
1 + α
′2v23)dσ ∧ ηˆ +
kL2
3
√
2
dσ ∧ dψ − α′ cos θ1dv3 ∧ dφ1 . (3.11)
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Using the fact that the original self-dual five-form is given by
F5 =
2L2
9
(1 + ∗) e1ˆ ∧ e2ˆ ∧ τ1 ∧ τ2 ∧ (τ3 + cos θ1dφ1)
≡ (1 + ∗) G2 ∧ τ1 ∧ τ2 ∧ (τ3 + cos θ1dφ1) ,
(3.12)
the dual R–R sector is defined by
α′3/2F̂2 = −G2 (3.13a)
α′3/2F̂4 = G2 ∧
{
α′v1
(β¯1β¯2)1/2
(cosψeˆ2 − sinψeˆ1) ∧ eˆ3 + α
′v3
β¯1
eˆ1 ∧ eˆ2
}
=
α′2
∆¯
G2 ∧
{
α′β¯2v1v3dv1 − β¯1v21(α′dv3 + β3)
} ∧ ηˆ , (3.13b)
where
eˆa = e
Ca∆¯−1
[
zazbDzb + e
2
∑
b 6=a CbDza + abczbe
2CbDzc
]
, (3.14)
which implies
eˆ′1 ≡ cosψeˆ1 + sinψeˆ2
=
β¯
1/2
1
∆¯
[
α′(β¯1β¯2 + α′2v21)dv1 + α
′2v1v3(α′dv3 + β3)− α′2β¯2v1v3ηˆ
]
(3.15a)
eˆ′2 ≡ − sinψeˆ1 + cosψeˆ2
=
β¯
1/2
1
∆¯
[
α′2β¯2v3dv1 − α′β¯1v1(α′dv3 + β3) + α′β¯1β¯2v1ηˆ
]
(3.15b)
eˆ3 =
β¯
1/2
2
∆¯
[
α′3v1v3dv1 + (β¯21 + α
′2v23)(α
′dv3 + β3) + α′2β¯1v21 ηˆ
]
. (3.15c)
Here β3 =
kL2
3
√
2
dσ.
3.2 Sasaki-Einstein Space Y p,q
Another possible choice is E5 = Y
p,q, such that the Sasaki-Einstein metric is
ds2Y p,q = w(y) (dα + h(y)τ3)
2 +
1− y
6
(τ 21 + τ
2
2 ) +
dy2
w(y)q(y)
+
q(y)
9
τ 23
= g(y)
(
τ3 +
w(y)h(y)
g(y)
dα
)2
+
w(y)q(y)
9g(y)
dα2 +
1
w(y)q(y)
dy2 +
1− y
6
(τ 21 + τ
2
2 )
(3.16a)
where g(y) = q(y)/9 + w(y)h(y)2 and
h(y) =
a− 2y + y2
6(a− y2) , w(y) =
2(a− y2)
1− y , q(y) =
a− 3y2 + 2y3
a− y2 . (3.16b)
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Here a is a real constant. As studied in [60], in these manifolds there is a 2-sphere
fibration parametrized by (y, ψ), with y ∈ [y1, y2] over a 2-sphere parametrized by
(θ, φ). Also, the coordinate α parametrizes a circle of length 2pilα. In these spaces,
we have
a =
1
2
− p
2 − 3q2
4p3
√
4p2 − 3q2
y1 =
1
4p
(
2p− 3q −
√
4p2 − 3q2
)
(3.17)
y2 =
1
4p
(
2p+ 3q −
√
4p2 − 3q2
)
,
where (p, q) are relative integers and p > q > 0.
We can set the axion and the dilaton to be zero, but, contrary to the previous
solution, this condition does not imply that the function f is a constant. In fact, it
satisfies the following equation
−4f + 2
1− y∂y[(a− 3y
2 + 2y3)∂yf ] +
1
(1− y)4 = 0. (3.18)
We define the vielbeins
eα =
L
3
√
wq
g
dα , ey =
L√
wq
dy (3.19a)
e1 = L
√
(1− y)
6
τ1 , e
2 = L
√
(1− y)
6
τ2 , e
3 = L
√
g
(
τ3 +
wh
g
dα
)
. (3.19b)
In this Y p,q background, one has
W = − L
2
√
72
d
[
1
1− y (6dα + τ3)
]
= − L
2
6
√
2(1− y)
[
1
(1− y)dy ∧ (6dα + τ3) + τ1 ∧ τ2
]
= − L
2
6
√
2(1− y)2
{
dy ∧
[(
6− wh
g
)
dα +
1
L
√
g
e3
]
+
6
L2
e1 ∧ e2
}
,
(3.20)
which means that
H = −dσ ∧W
=
L2
6
√
2(1− y)2
(
6− wh
g
)
dσ ∧ dy ∧ dα + L
6
√
2g(1− y)2dσ ∧ dy ∧ e
3 (3.21)
+
1√
2(1− y)2dσ ∧ e
1 ∧ e2 .
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Using the notation of [41], we find
eC1 = eC2 = L
√
1− y
6
= β˘
1/2
1 , e
C3 = L
√
g = β˘
1/2
2 , (3.22a)
A1 = A2 = 0 , A3 =
wh
g
dα , (3.22b)
β1 = β2 = 0 , β3 = − L
2
6
√
2(1− y)dσ , Dβ3 = dβ3 = −
L2
6
√
2(1− y)2dy ∧ dσ
bi = 0 ,
(3.22c)
therefore
B = − L
2
√
2(1− y)dσ ∧ dα−
L2
6
√
2(1− y)dσ ∧ τ3 . (3.23)
The R–R five-form for the solution is
F5 = 4L
4 (1 + ∗) V olY p,q (3.24)
=
2L2
3
(1− y)√g (1 + ∗) eα ∧ ey ∧ τ 1 ∧ τ 2 ∧
(
τ 3 +
wh
g
dα
)
(3.25)
= (1 + ∗) G˘2 ∧ τ1 ∧ τ2 ∧
(
τ 3 +
wh
g
dα
)
. (3.26)
Finally, the metric of the T-dual space becomes
dsˆ2 = ds2Lif +
wqL2
9g
dα2 +
L2
wq
dy2︸ ︷︷ ︸
ds˘27
+
1
∆˘
( 3∑
i=1
ziDzi
)2
+ e2(C1+C2+C3)
3∑
i=1
e−2Ci(Dzi)2

= ds˘27 +
1
∆˘
{
− α
′
3
√
2(y − 1)
(
α′2v1v3dv1 + (α′2v23 + β˘
2
1)dv3
)
dσ
+
(α′2v23 + β˘
2
1)
72(1− y)2 L
4dσ2
}
+
α′2v21β˘1β˘2
∆˘
γˆ2
+
α′2
∆˘
{
(β˘1β˘2 + α
′2v21)dv
2
1 + (β˘
2
1 + α
′2v23)dv
2
3 + 2α
′2v1v3dv1dv3
}
, (3.27)
where γˆ = dψ + hw
g
dα and ∆˘ = (β˘21 + α
′2v23)β˘2 + α
′2v21β˘1. The NS–NS two-form is
B̂ = − L
2
√
2(1− y)dσ ∧ dα−
1
∆˘
(
ijke
2CiziDzj ∧Dzk
)−Dz3 ∧ A3
=
L2√
2(1− y)
(
1− hw
6g
)
dα ∧ dσ − α
′2
∆˘
[
α′β˘2v1v3dv1 − β˘1v21(α′dv3 + β˘3)
]
∧ γˆ
+
α′hw
g
dα ∧ dv3 , (3.28)
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and the dilaton is
φˆ = −1
2
ln
(
∆˘
α′3
)
. (3.29)
The fields of the T-dual R–R sector are
α′3/2F̂2 = −G˘2 (3.30a)
α′3/2F̂4 = G˘2 ∧
{
α′v1
(β˘1β˘2)1/2
(cosψeˆ2 − sinψeˆ1) ∧ eˆ3 + α
′v3
β˘1
eˆ1 ∧ eˆ2
}
=
α′2
∆˘
G˘2 ∧
{
α′β˘2v1v3dv1 − β˘1v21(α′dv3 + β˘3)
}
∧ γˆ , (3.30b)
with the vielbeins
eˆ′1 ≡ cosψeˆ1 + sinψeˆ2
=
β˘
1/2
1
∆˘
[
α′(β˘1β˘2 + α′2v21)dv1 + α
′2v1v3(α′dv3 + β˘3)− α′2β˘2v1v3γˆ
]
(3.31a)
eˆ′2 ≡ − sinψeˆ1 + cosψeˆ2
=
β˘
1/2
1
∆˘
[
α′2β˘2v3dv1 − α′β˘1v1(α′dv3 + β˘3) + α′β˘1β˘2v1γˆ
]
(3.31b)
eˆ3 =
β˘
1/2
2
∆˘
[
α′3v1v3dv1 + (β˘21 + α
′2v23)(α
′dv3 + β˘3) + α′2β˘1v21 γˆ
]
. (3.31c)
Here β˘3 =
−L2
6
√
2(1−y)dσ.
4 Holographic Dual Field Theory
4.1 Quantized Charges for Galilean Solutions
In [46], the authors considered the dualization of the background holographic dual
to the ABJM theory [55], which consists of a metric for AdS4 × CP3 in type IIA,
together with two R–R fields, F2 and F4. They also calculated the conserved charges
of the dual background.
Considering the effect of the non-relativistic deformation of the ABJM back-
ground considered in [22], we compute the conserved charges of the background
that we found in the last section. We compare our results with [46] in order to see
the effect of the non-relativistic deformation of the background [55]. We calculate
the conserved charges of the solutions in sections 2.1 (massless type IIA ) and 2.2
(massive type IIA) separately.
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4.1.1 Massless type IIA
We start with a short review of the conserved charges of AdS4×CP3 and its NATD
solution. The solution has the metric of AdS4 × CP3, the dilaton φ = ln (R/k) and
the R–R forms [46]
dC(1) = 2kdω (4.1a)
dC(3) =
3
8
kL2V olAdS4 (4.1b)
in such a way that∫
CP1
dC(1) = 2pik and
1
(2piα′1/2)5
∫
CP3
∗F4 = N ∈ Z ⇒ L4 = 32pi
2α′5/2
k
N ,
(4.2)
where we have used the CP1 defined by (ξ = pi/2, θ2, φ2), and
∫
V olCP3 =
pi3
6
. We see
that these quantization conditions agree perfectly with the quantization conditions
(2.8-2.14) of the Galilean solution.
In [46], the authors calculated the charge ND5 in the dual field theory, which was
found from an integration of the dual 3-form over the cycle defined by Σ3 = (ζ, θ1, φ1),
such that4
N5 =
kL4
64piα′5/2
. (4.3)
In our case of the Galilean solution of massless type IIA, we must consider the same
calculation for the dual F̂3. Using that
F̂3
∣∣∣∣
Σ3
=
6β1β
1/2
2 k
R2α′3/2
eζ ∧ eθ ∧ eφ = 3kR
4
16α′3/2
sin3 ζ cos3 ζdζ ∧ volS21 , (4.4)
where volS21 = sin θ1dθ1 ∧ dφ1, we compute the charge∫
Σ3
F̂3 = kpiR
4
16α′3/2
. (4.5)
Imposing the quantization condition for the Page charge,
1
(2piα′1/2)2
∫
Σ3
F3 = QˆD5 ∈ Z , (4.6)
we obtain
Q̂D5 = kR
4
64piα′5/2
. (4.7)
But since originally R4 satisfied the relation kR4 = 32pi2α′1/2N , the charge Q̂D5
cannot be an integer, and in this case, the radius R in the dual theory will be defined
4In their notation α′ = 1.
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through new relations. The non-integer charge in the non-abelian T-dual theory is a
generic feature which arises from the violation of the condition TD(p−n) = (2pi)nTDp.
In the present case, we see that if we consider the 5-cycle Σ5 = (ζ, θ1, φ1, χ, ψ) ≡
(ζ, θ1, φ1, v1 = npi sin ξ, v3 = npi cos ξ, ψ) in the T-dual background, we compute the
restriction
α′3/2F̂5
∣∣∣∣
Σ5
= npiα′F̂3 ∧ volS˜2 , (4.8)
which is consistent with a large gauge transformation F̂5 → F̂5 + npiα′F̂3 ∧ volS˜2
(with the volume form volS˜2 = sinχdχ ∧ dψ), and therefore we find
QD3 = nQD5 . (4.9)
The field theory on the boundary is a 2+1 dimensional CS gauge theory, as was
the ABJM theory before the NATD. The CS gauge groups have levels, that should
be possible to calculate from the gravity dual. As in [46], we can define the levels of
the AdS/CFT dual field theory as
q5 =
∣∣∣∣ 1(2piα′1/2)2
∫
Σ˜3
F̂3
∣∣∣∣ , q3 = ∣∣∣∣ 1(2piα′1/2)4
∫
Σ˜5
F̂5
∣∣∣∣ , (4.10)
where the integrations are performed on the cycles Σ˜3 = (ρ, θ1, φ1) ≡ (v3, θ1, φ1)
and Σ˜5 = (ρ, θ1, φ1, χ, ψ) ≡ (θ1, φ1, v1, v3, ψ), respectively. In the presence of a large
gauge transformation, one obtained in the case in [46]
q5 = k
(2n+ 1)pi
4α′1/2
, q3 = k
(3n+ 2)pi
12α′1/2
. (4.11)
Using the same definitions, in our case we obtain from (2.26f)
α′3/2F̂3
∣∣∣∣
Σ˜3
= −α
′2k
2
ρ volS21 ∧ dρ , α′3/2F̂1 ∧ B̂
∣∣∣∣
Σ˜3
= 0 , (4.12a)
therefore we obtain in a similar manner to the above case
k5 = k
(2n+ 1)pi
4α′1/2
. (4.12b)
We also find from (2.26f) that
α′3/2F̂5
∣∣∣
Σ˜5
=
kα′3
2
ρ2dρ ∧ volS21 ∧ volS˜2 , (4.13a)
and given that
α′3/2F3 ∧ volS˜2
∣∣
Σ˜5
= −kα
′2
2
ρdρ ∧ volS21 ∧ volS˜2 (4.13b)
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under a large gauge transformation F̂5 → F̂5 + npiα′F̂3 ∧ volS˜2 , we have∫
Σ˜5
(F̂5 + npiα′F̂3 ∧ volS˜2) = k
(4pi)2
12α′1/2
(3n+ 2)pi3 . (4.13c)
Then finally
k3 = k
(3n+ 2)pi
12α′1/2
, (4.14)
such that (3n + 2)k5 = 3(2n + 1)k3. Using these relations, we find the relations
between the radius R and the quantized charges of the background
R4k5 = 32pi
2α′2
(
Q̂D3 + 1
2
Q̂D5
)
(4.15a)
R4k3 = 16pi
2α′2
(
Q̂D3 + 2
3
Q̂D5
)
. (4.15b)
If we compare our results with [46] we can see that the non-relativistic deformation
does not change the quantization condition of the theory and of its non-abelian
T-dual.
4.1.2 Massive type IIA
We now turn to the model in section 2.2. We first consider the model before the
T-duality. We find
∗10F4 = 5
3
√
5m0
f 6
volCP3 , (4.16a)
giving
Qm0D2 =
53
√
5
192pi2α′5/2
m0
f 6
. (4.16b)
In [22], the author considered the compactification of the ordinary type IIA theory
and of the massive type IIA theory to four dimensions.5
We calculate the D5-charge by using (2.33) to write
F̂m03
∣∣∣∣
Σ3
=
1
α′3/2
β˜1β˜
1/2
2 ∗7 F4
∣∣∣∣
Σ3
=
√
5m0
α′3/2
β˜1β˜
1/2
2 e
ζ
m0
∧ eθm0 ∧ eφm0 , (4.17)
where ∗7 is Poincare´ duality in ds27. We then calculate the magnetic D5-charge
associated with this flux as
Q̂m0D5 =
53
√
5
384piα′5/2
m0
f 6
. (4.18)
5Since the only relationship between these two theories is Hull’s duality [61], the author argued
that the similarity between the 4D actions means that there is a mapping between the Romans’
mass and the flux k. In that case, f ∝ 1/R and m0 ∝ k/R2, so that, up to numerical constants,
one could write Qm0D2 ∝ QD2.
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For the cycle Σ5, we have F̂m05 |Σ5 = 0, so now we obtain Q̂m0D3 = nQ̂m0D5 when we
consider a large gauge transformation.
On the other hand, F̂m03 |Σ˜3 = 0, which remains equal to zero after a large gauge
transformation.
We can define a third cycle Σˇ3 = (ρ, χ, ψ), which gives
F̂m03
∣∣∣∣
Σˇ3
= 0, (4.19)
but after a large gauge transformation F̂m03 → F̂m03 + npiα′F̂m01 ∧ volS˜2 , we find
km05 =
m0pi
2α′1/2
2
(2n+ 1) . (4.20)
Finally, for the cycle Σ˜5 = (θ1, φ1, ρ, χ, ψ), we have that k3 = 0 even after a large
gauge transformation.
4.2 Quantized Charges for Lifshitz Solutions
4.2.1 Homogeneous Space SU(2)× SU(2)/U(1)
For the background (3.3) in section 3.1 we start with a 5-form
F5 =
2L4
9
(1 + ∗)volS21 ∧ τ1 ∧ τ2 ∧ (τ3 + cos θ1dφ1) , (4.21)
and using similar methods we find the quantized charge
ND3 =
4
27pi
L4
α′2
. (4.22)
After the T-duality we obtain the charges
L4 =
27α′2
2
Q̂D6 , (4.23)
on the cycle S2 = (θ1, φ1). Using the fact that F̂4 = 0, after a large gauge transforma-
tion F̂4 → F̂4+npiα′F̂2∧volS˜2 , we find Q̂D4 = nQ̂D6 on the cycle Σ4 = (θ1, φ1, χ, ψ),.
4.2.2 Sasaki-Einstein Space
In the Sasaki-Einstein case in section 3.2, we have a similar situation. The quantized
charge before the T-duality is
N˘D3 =
1
4pi4
L4
α′2
VY p,q , (4.24)
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on the cycle Σ2 = (α, y) and
VY p,q =
∫
Y p,q
V olY p,q =
8pi3lα
3
∫ y2
y1
dy(1− y) . (4.25)
Repeating the previous analysis, we find
Q̂D6 = L
4
4pi3α′2
VY p,q (4.26)
on the cycle Σ2 = (α, y).
Again we can use the same arguments from the previous subsection to find F̂4 = 0
on Σ4 = (α, y, χ, ψ). If we take a large gauge transformation F̂4 → F̂4 + npiα′F̂2 ∧
volS˜2 , where S˜2 = (χ, ψ), we also find Q̂D4 = nQ̂D6 .
4.3 Wilson Loops
One can in principle define a Wilson loop variable in the case of nonrelativistic
gravity duals, even though it is not really clear what it would mean in the field
theory. However, we can simply calculate the observable, and leave for later issues
of interpretation.
One way to embed the Schro¨dinger algebra with z = 2 (a particular case of con-
formal Galilean algebra) into string theory is to consider a DLCQ of a known duality
[11, 10, 12, 13]. The general conformal Galilean algebra is realized holographically
through the metric
ds2 = L2
[
−dt
2
r2z
+
2dtdξ + d~x2
r2
+
dr2
r2
]
. (4.27)
For the Lifshitz case, gravity duals are instead usually of the type
ds2 = L2
[
−dt
2
u2z
+
d~x2
u2
+
du2
u2
]
. (4.28)
However, in [15, 16] it was suggested that for d = 4 and z = 2, the case considered
in section 3, we can consider the gravity dual
ds2Lif = L
2
(
r2(−2dσdτ + dx21 + dx22) +
1
r2
dr2 + fdσ2
)
, (4.29)
and for σ = x+ and τ = x−, σ must be a compact coordinate to obtain a 2+1
dimensional field theory dual with coordinates τ, x1, x2.
Note that compared with the Schro¨dinger case, the roles of x+ and x− are inter-
changed and x+ is compact.
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4.3.1 Wilson Loops in conformal Galilean spacetime
The general prescription for the calculation of Wilson lines in relativistic field theories
is well known [4, 62, 63, 64, 65, 66, 67, 68]. Recently, important hints in the
identification of the dual field theory of non-relativistic systems were studied in
[69, 70, 71, 72, 73].
We want to consider the Wilson loops for the conformal Galilean gravity dual
case in section 2. This formalism was also considered in [72].
Considering a probe string which is not excited in the internal space directions,
our gravity dual manifold is of the general form (without the internal space)
ds2 =
R2
r2
(
− dt
2
r2(z−1)
+ 2dξdt+ d~x · d~x
)
+
R2
r2
dr2 , (4.30)
with ξ compact and null, for z = 3 (thus is not of the Schro¨dinger form, which would
correspond to z = 2). We consider the following ansatz
t = τ , x = x(σ) , r = r(σ) , ξ = constant . (4.31)
Given that the induced metric on the world-sheet is Gαβ = gµν∂αX
µ∂βX
ν , the
Nambu-Goto action becomes
S = − 1
2piα′
∫ T
0
dτ
∫
dσ
√− detG = −TR
2
2piα′
∫
dσ
√
(∂σr)2 + (∂σx)2
r2(z+1)
. (4.32)
As usual, the analysis of the differential equations (see [66, 67, 70]) shows that the
separation between the endpoints of the ∩–shaped string that extends from the point
x = −`/2 to the point x = `/2 at the boundary r = 0 is
` = 2
∫ rmax
0
dr
H(rmax)√
H(r)2 −H(rmax)2
, (4.33a)
with H2 = R4/r2(z+1). Therefore
`(rmax, z) = 2rmax
√
pi
Γ
(
z+2
2z+2
)
Γ
(
1
2z+2
) , (4.33b)
and we can invert this expression, giving rmax = rmax(`). For z = 3, we obtain
l = 2rmax
√
pi
Γ
(
5
8
)
Γ
(
1
8
) . (4.34)
The general formalism [66, 67] allows us to compute a would-be quark-antiquark
potential, which gives
Vqq¯ =
2R2
√
pi
rzmax(2z + 2)
Γ
( −z
2z+2
)
Γ
(
1
2z+2
) . (4.35)
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It is not clear what would be the interpretation of this quantity in the field theory,
since it was defined for relativistic gauge theories. But we can continue with the
assumption that it still gives the potential between external ”quarks” introduced in
the theory, and see what we can deduce from it.
Therefore, if we consider the solutions in the section 2, with z = 3, the potential
is
Vqq¯ = −2R
2
√
pi
3r3max
Γ
(
5
8
)
Γ
(
1
8
) , (4.36)
which implies
dV
d`
=
R2
r4max
> 0 . (4.37)
This means that the would-be quark-antiquark interaction is atractive everywhere
[72, 74, 75]. We also have
d2V
d`2
= − 2R
2
√
pir5max
Γ
(
1
8
)
Γ
(
5
8
) < 0 , (4.38)
and this condition means that the force is a monotonically non-increasing function
of their separation.
4.3.2 Wilson Loops in Lifshitz spacetime
Consider the spacetime metric6 of the form in the section 3,
ds2Lif =
L2
r2
(−2dξdt+ dx2 + dy2) + L
2
r2
dr2 + L2f(ξ)dξ2 , (4.39)
where the coordinate ξ parametrizes the circle.
First, we notice that due to the absence of the component gtt in the metric above,
we cannot find a string configuration such that
t = τ , x = x(σ) , r = r(σ) , ξ = constant , (4.40)
so one might consider an ansatz with the string moving also on the compact coordi-
nate ξ, despite the fact that its physical meaning is rather uncertain [13].
We consider the following ansatz (see [70], for similar considerations in spacetimes
with Schro¨dinger symmetry)
t = τ , ξ = ξ(τ) , x = x(σ) , r = r(σ) . (4.41)
6We changed the notation σ → ξ, and we keep the symbol σ to the spacelike worldsheet coordi-
nate. Also, we renamed r → 1r .
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Then the components of the induced metric are
Gττ = −2L
2
r2
∂τξ + L
2f(ξ)(∂τξ)
2 , Gσσ =
L2
r2
(
(x′)2 + (r′)2
)
, (4.42)
where x′ ≡ ∂σx, r′ ≡ ∂σr and G ≡ detGαβ = GττGσσ. The Nambu-Goto action is
given by
S = − 1
2piα′
∫
dτdσ
√
g2(σ, τ) ((x′)2 + (r′)2) , (4.43)
where
g2 = −GττL2/r2. (4.44)
We consider the equation of motion for ξ,
∂τ
[
Gττ
√−G
(
− 1
r2
+ f(ξ)∂τξ
)]
= 0 ⇒ ∂τ
(
Gττ
√−G
r2
)
= ∂τ
(
Gττ
√−G f(ξ)∂τξ
)
,
(4.45)
where Gττ ≡ G−1ττ . From (4.41) we see that r is independent of τ and from [16],
we already know that the function f does not have functional dependence on r.
Therefore, both sides in (4.45) must vanish independently. The left-hand side of the
equation (4.45), implies that G
ττ
√−G
r2
= h0(σ) therefore we take ξ = vξτ , where vξ is
a constant. The right-hand side gives ∂τf(ξ) = 0 and since f cannot be a function
of r = σ, we conclude that f is a constant.
This means that the configuration (4.41) is allowed just for particular metrics
(4.39) (as in [16]), namely those with f constant, which occurs for instance when
the internal manifold is T 1,1, whereas this configuration is forbidden for the Sasaki-
Einstein manifolds Y p,q. It is rather curious that although we consider the string
propagating just in the non-compact spacetime, the form of the internal manifold
can determine physical aspects of the string propagation.
The equation of motion for x = x(σ) is
∂σ
(
g2√
g2 ((x′)2 + (r′)2)
∂σx
)
= 0 ⇒ ∂σr = ±Veff ∂σx , (4.46)
where
Veff =
1
c0
√
g2(r)− c20, (4.47)
and c0 is just an integration constant. We consider a ∩–shaped string similar to the
solution considered in the last section, namely a string which extends from x = −`/2
to x = `/2 and it reaches a maximum point rmax in the bulk space.
The boundary conditions for this configuration [67] imply that dr
dx
∣∣
r→0 → ∞. In
our case, we can easily see that this condition is satisfied since limr→0 Veff →∞.
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The turning point, i.e. the maximum point in the r direction, is determined by
the condition dr
dx
(rmax) = 0, which gives
g2(rmax)− c20 = 0 ⇒ c20 =
2L4
r4max
vξ − L
4f
r2max
v2ξ . (4.48)
In order for c0 to be real, we see that we need vξ < 2/(fr
2
max).
Finally, the distance between the string endpoints is
`qq¯(rmax) = 2g(rmax)
∫ rmax
0
dr
1√
g2(r)− g2(rmax)
, (4.49)
and if we define w = r/rmax we find
`qq¯(rmax) =
2r3max
L2
√
vξ
g(rmax)
∫ 1
0
dw
w2√
(fvξr2max − 2)w4 − fvξr2maxw2 + 2
≡ 2r
3
max
L2
√
vξ
g(rmax) I(rmax) .
(4.50)
In order to solve the integral, we write it as
I(rmax) =
∫ 1
0
dw
w2√
[(fvξr2max − 2)w2 − 2](w2 − 1)
, (4.51a)
and performing the substitution w = sinu, we find the elliptic integral
I(rmax) = 1√
2
∫ pi/2
0
du
sin2 u√
1 +
(2−fvξr2max)
2
sin2 u
, (4.51b)
with (2− fvξr2max) > 0.
In terms of the complete elliptic integrals of first and second kind [76],
K(k) =
∫ pi/2
0
du√
1− k2 sin2 u
(4.52a)
E(k) =
∫ pi/2
0
du
√
1− k2 sin2 u (4.52b)
(The constant k is called elliptic modulus and it can take any complex or real value
7.) we can write (4.51b) as
I(rmax) = K(k)− E(k)√
2 k2
, (4.53)
7Generally in physics and engineering problems, the modulus k2 is parametrized in such that
k2 ∈ (0, 1), but it is not our case. See [77] for details.
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where k2 = (fvξr
2
max−2)/2. Then the distance between the string endpoints is given
by
`qq¯(rmax) =
√
2r3max
L2
√
vξ
g(rmax)
K(k)− E(k)
k2
=
2
√
2√
fvξ
√
−k
2 + 1
k2
(K(k)− E(k)) ≡ 2
√
2√
fvξ
Λ(−k2) .
(4.54)
Now observe that −k2 = (2 − fvξr2max)/2 > 0, since fvξr2max < 2, therefore
k2 + 1 > 0, which implies that vξ > 0. Therefore vξ ∈
(
0, 2
fr2max
)
, and −k2 ∈ (0, 1),
see figure 1.
Figure 1: Graph of the function Λ(−k2).
Finally, following the standard calculation [66, 67], we compute the observable
that would correspond to the energy of a qq¯-pair (defined in relativistic gauge theories
by introducing external quarks into the theory, and measuring their potential), by
subtracting from the string action the action of two ‘rods’ that would fall from the
end of the space to the boundary. The renormalized energy is obtained to be
Vqq¯(rmax) = 2
∫ rmax
0
dr
g2(r)√
g2(r)− g2(rmax)
− 2
∫ rmax
0
dr g(r)
=
√
2vξL
2
rmax
∫ 1
0
dw
 (2w−2 − fvξr2max)√(
1− (fvξr2max−2)
2
w2
)
(1− w2)
−2 1
w2
√(
1− fvξr
2
max
2
w2
)]
=
√
2vξL
2
rmax
(I−2(k, w−2) + I0(k, w0)− Ig(k′, w−2)) , (4.55)
where k′ = fvξr2max/2.
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We can easily see that
I0(k, w0) =
∫ 1
0
dw
−fvξr2max√(
1− (fvξr2max−2)
2
w2
)
(1− w2)
= −fvξr2maxK(k) . (4.56a)
Consider the substitution w = sinu, so that the second integral is
I−2(k, w−2) = 2
∫ pi/2
0
du
1
sin2 u
√(
1− (fvξr2max−2)
2
sin2 u
)
= 2 [K(k)− E(k)]− 2
√(
1− (fvξr
2
max − 2)
2
sin2 u
)
cotu
∣∣∣∣∣
pi/2
0
,
(4.56b)
and the third integral reads (considering the arcsin modulo 2pin)
Ig(k, w−2) = 2
∫ pi/2
0
du
cosu
sin2 u
√(
1− fvξr
2
max
2
sin2 u
)
= −
[
2
√(
1− fvξr
2
max
2
sin2 u
)
cscu
−
√
2fvξr2max arcsin
(√
fvξr2max
2
sinu
)]∣∣∣∣∣
pi/2
0
+ 2pin
√
2fvξr2max .
(4.56c)
The terms with arcsin( · · · ) and the terms in the upper limit u → pi
2
are constants,
but we observe that we have two divergent terms for u→ 0, namely
I =− 2
√(
1− fvξr
2
max
2
sin2 u
)
cscu
II =− 2
√(
1− (fvξr
2
max − 2)
2
sin2 u
)
cotu ,
(4.57)
and the difference in the equation (4.55) gives
lim
u→0
(
−
√(
1− fvξr
2
max
2
sin2 u
)
cscu+
√(
1− (fvξr
2
max − 2)
2
sin2 u
)
cotu
)
= 0 .
(4.58)
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All in all, if n ∈ Z, the potential energy Vqq¯ is
Vqq¯(rmax) =
√
2vξL
2
rmax
[
(2− fvξr2max)K(k)− 2E(k)− 2pin
√
2fvξr2max
+
√
2fvξr2max arcsin
(√
fvξr2max
2
)
+ 2
√
1− fvξr
2
max
2
]
.
(4.59a)
Since vξ ∈
(
0, 2
fr2max
)
, we write vξ =
a
fr2max
with a ∈ (0, 2), such that
V̂qq¯(rmax) =
1
L2vξ
√
f
Vqq¯(rmax) =
1√
k2 + 1
[
−2 (k2K(k) + E(k))− 2pin√2a
+
√
2a arcsin
(√
a
2
)
+ 2
√
1− a
2
]
.
(4.59b)
In the figure 2, we plot the graph for three different values of a.
(a) a = 0.1 (b) a = 1.0 (c) a = 1.9
Figure 2: Graph of V̂qq¯ against −k2, for three different values of a and n = 0.
Alternatively, we can write the energy as a function of the distance, `qq¯, as
Vqq¯(rmax) =
L2
√
2vξ
rmax
[
−2
(
k2
√
fvξ
2
√
2
√
−k2
1 + k2
`qq¯ +
a
2
E(k)
)
− 2pin
√
2a
+
√
2a arcsin
(√
a
2
)
+ 2
√
1− a
2
]
.
(4.59c)
and from this last result we see that
dVqq¯
d`qq¯
= L2
(
√
fvξ)k
4/
√−k2
rmax(1 + k2)1/2
> 0 ,
d2Vqq¯
d`2qq¯
= 0 . (4.60)
It is important to notice that, although the potential energy Vqq¯ exhibits a linear
behaviour in relation to the distance `qq¯, similar to confining theories, we can not
say that this theory is confining, since we have a maximum value for the distance `qq¯
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in relation to the maximum distance rmax. Therefore, if we suppose that `qq¯ < `max,
the potential Vqq¯ is a bounded function of `qq¯. A similar phenomenon also happens
in the calculations of Wilson loops at finite temperature [66]. Moreover, as we said,
it is not clear if the interpretation imported from the relativistic gauge theories still
holds in this case.
5 Discussion
In this article we have studied nonabelian T-duality for non-relativistic holographic
duals. In particular, using a NATD transformation we constructed novel examples
of non-relativistic spaces with the interpretation of holographic duals, one for a
conformal Galilean theory in massless type IIA, one for a conformal Galilean theory
in massive type IIA, and two for Lifshitz theories in type IIB, coming from NATD
of spaces with T 1,1 and Y p,q internal spaces.
In order to describe the field theories dual to the non-relativistic gravitational
backgrounds, we have calculated the conserved charges of these backgrounds and we
compared our results with those obtained in [46].
We have also calculated the Wilson loop observables for the holographic dual
spaces, though their true interpretation in the field theory remains to be seen, and
it would be very interesting to understand. For the Wilson loops in gravity duals of
conformal Galilean theories, we considered that the compact coordinate is constant
and we found that the energy potential between quarks is always attractive. For the
case of case of gravity dual of spaces with Lifshitz symmetry, we could not consider a
constant compact coordinate, and we do not know the field theoretical interpretation
for the string moving in this direction. The Wilson loop that we found for this second
class of spaces is proportional to the quark-antiquark distance, but the interpretation
of this result is not clear.
It would be useful to characterize further the field theories dual to the non-
relativistic backgrounds considered in this paper, by studying also other properties,
like conductivity or shear viscosity.
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A Non-Abelian T-Duality
In this Appendix we review non-Abelian T-duality, which is a transformation on a
background that supports an SU(2)-structure. In principle we could follow the usual
method employed in [38, 40, 47, 58, 59, 78], but here we review the strategy used by
[41], which has the advantage of giving a closed form for the fields in the RR sector
8. Considering a spacetime metric and a Kalb-Ramond two-form given by
ds2 = Gµν(x)dx
µdxν + 2Gµi(x)dx
µτi +Gij(x)τiτj (A.1)
B =
1
2
Bµνdx
µ ∧ dxν +Bµidxµ ∧ τi + 1
2
Bijτi ∧ τj, (A.2)
in such a way that µ, ν = 1, . . . , 7 and all dependence on the SU(2) angles θ, ψ, φ is
contained in the Maurer-Cartan forms τi for SU(2), which satisfy dτi =
1
2
ijkτj ∧ τk.
Furthermore, in general this background has a non-trivial dilaton Φ = Φ(x).
If we define the field Q by its components
Qµν = Gµν +Bµν , Qµi = Gµi +Bµi
Qiµ = Giµ +Biµ, Eij = Gij +Bij ,
(A.3)
one can show that the nonabelian T-dual background is given by
Q̂µν = Qµν −QµiM−1ij Qjν , Êij = M−1ij
Q̂µi = QµjM
−1
ji , Q̂iµ = −M−1ij Qjµ,
(A.4)
where the matrix M is defined by
Mij = Eij + α
′ijkvk , (A.5)
and ijk are the structure constants of the group SU(2) and vi are Lagrange mul-
tipliers. Hereafter we absorb the factor of α′ into vi and we present all the correct
factors in the final answers. All in all, the dual fields are written as
dsˆ2 = Ĝµν(x)dx
µdxν + 2Ĝµi(x)dx
µdvi + Ĝij(x)dv
idvj (A.6a)
B̂ =
1
2
B̂µνdx
µ ∧ dxν + B̂µidxµ ∧ dvi + 1
2
B̂ijdv
i ∧ dvj , (A.6b)
and the one-loop contribution to the dilaton is given by
φˆ = φ− 1
2
ln
(
∆
α′3
)
, (A.6c)
8We thank to the authors of [41] for clarifications.
33
where ∆ = detM . Besides the spectator fields, the dual theory depends on θ, ψ, φ, vi,
meaning that we have too many degrees of freedom and we need to impose a gauge
fixing in order to remove three of these variables.
It is convenient to write the metric as
ds210 = ds
2
7 +
3∑
i=1
e2Ci(τi + A
i)2 , (A.7)
where Ai are SU(2)-valued gauge fields and Ci are scalars. Moreover, we define the
vielbeins {eµ, ei}, such that
eµ ⇒ ds27 = gµνdxµdxν =
6∑
µ=0
(eµ)2
ei = eCi(τi + A
i) ⇒
3∑
i=1
e2Ci(τi + A
i)2 =
3∑
i=1
(ei)2,
(A.8)
implying that the components of the metric (A.1) are
Gµν = gµν +
3∑
i=1
e2CiAiµA
i
ν , Gµi = e
2CiAiµ , Gij = e
2Ciδij . (A.9)
In the same way, it is useful to write the Kalb-Ramond as
B =
1
2
bµνdx
µ ∧ dxν + (βi + dbi) ∧ τi + 1
2
ijkbkτi ∧ τj , (A.10)
and the components of (A.2) are
Bµν = bµν , Bµi = βµi + ∂µbi , Bij = ijkbk . (A.11)
We next write the inverse of the matrix Mij,
M−1ij =
1
∆
e2(C2+C3) + z21 z1z2 − e2C3z3 z1z3 + e2C2z2z1z2 + e2C3z3 e2(C1+C3) + z22 z2z3 − e2C1z1
z1z3 − e2C2z2 z2z3 + e2C1z1 e2(C1+C2) + z23
 , (A.12)
where ∆ = e2(C1+C2+C3) + e2C1z21 + e
2C2z22 + e
2C3z23 and zi = α
′vi + bi. In fact, it is
easy to see the general formula for the components of M−1 is
M−1ij =
1
∆
(zizj + δije
2(C1+C2+C3)e−2Ci − ijke2Ckzk) . (A.13)
Using all these equations, the authors of [41] were able to find a closed form for the
dual metric and Kalb-Ramond field,
dsˆ2 = ds27 +
1
∆
[
(z1Dz1 + z2Dz2 + z3Dz3)
2 + e2(C2+C3)Dz21
+e2(C1+C3)Dz22 + e
2(C1+C2)Dz23
] (A.14a)
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B̂ =
1
2
Bµνdx
µ ∧ dxν − 1
∆
(e2C1z1Dz2 ∧Dz3 + e2C2z2Dz3 ∧Dz1 + e2C3z3Dz1 ∧Dz2)
−Dz1 ∧ A1 −Dz2 ∧ A2 −Dz3 ∧ A3 − z1A2 ∧ A3 − z2A3 ∧ A1 − z3A1 ∧ A2
(A.14b)
where
Dzi = dzi + βi − ijkzjAk . (A.14c)
For the RR sector the authors of [41] have shown explicit closed forms for the dual
backgrounds. Considering first a (massive) type IIA sector with fields given by
F0 = m (A.15a)
F2 = G2 + J
i
1 ∧ (τi + Ai) +
1
2
ijkK
i
0(τj + A
j) ∧ (τk + Ak) (A.15b)
F4 = G4 + L
i
3 ∧ (τi + Ai) +
1
2
ijkM
i
2 ∧ (τj + Aj) ∧ (τk + Ak)
+N1 ∧ (τ1 + A1) ∧ (τ2 + A2) ∧ (τ3 + A3) , (A.15c)
one can find the dual type IIB RR fields as
α′3/2F̂1 = mzieCi eˆi − ziJ i1 −Ki0eCi eˆi + ijkKi0zje−Ck eˆk +N1 (A.16a)
α′3/2F̂3 = meC1+C2+C3 eˆ1 ∧ eˆ2 ∧ eˆ3 + eC1+C2+C3 ∗7 G4 +G2 ∧ zieCi eˆi
− 1
2
ijkJ
i
1 ∧ eCj+Ck eˆj ∧ eˆk + J i1 ∧ e−Ci eˆi ∧ zjeCj eˆj
+ ziK
i
0e
2Cie−C1−C2−C3 eˆ1 ∧ eˆ2 ∧ eˆ3 (A.16b)
−N1 ∧ 1
2
ijkzie
−Cb−Cc eˆj ∧ eˆk − ziLi3 −M i2 ∧ eCi eˆi + ijkM i2zj ∧ e−Ck eˆk
α′3/2F̂5 = (1 + ∗)
[
G4 ∧ zieCi eˆai+ eC1+C2+C3G2 ∧ eˆ1 ∧ eˆ2 ∧ eˆ3
− 1
2
ijkL
i
3 ∧ eCj+Ck eˆj ∧ eˆk
+ Li3 ∧ e−Ci eˆi ∧ zjeCj eˆj + ziM i2e2Ci ∧ e−C1−C2−C3 eˆ1 ∧ eˆ2 ∧ eˆ3
]
. (A.16c)
Reversely, starting from a type IIB solution, with RR-fields given by
F1 = G1 (A.17a)
F3 = G3 +X
i
2 ∧ (τi + Ai) +
1
2
ijkY
i
1 ∧ (τj + Aj) ∧ (τk + Ak)
+m(τ1 + A
1) ∧ (τ2 + A2) ∧ (τ3 + A3) (A.17b)
F5 = (1 + ∗)
[
Zi4 ∧ (τi + Ai) +G2 ∧ (τ1 + A1) ∧ (τ2 + A2) ∧ (τ3 + A3)
]
, (A.17c)
35
we have the dual fields in IIA supergravity 9
F̂0 = −m (A.17d)
F̂2 = −eCazaG1 ∧ eˆa + zaXa2 + Y a1 ∧ (eCa eˆa)− abcY a1 ∧ (zbe−Cc eˆc)
+
m
2
e−Ca−Cbabczceˆa ∧ eˆb −G2 (A.17e)
F̂4 = e
C1+C2+C3 ∗7 G3 − zaZa4 − eC1+C2+C3 ∗7 Za4 ∧ (e−Ca eˆa)− abce−Ca ∗7 Za4 ∧ zbeCb eˆc
− eCazaG3 ∧ eˆa + 1
2
G2 ∧ (abczae−Cb−Cc eˆb ∧ eˆc) + 1
2
abcXa2 ∧ (eCb+Cc eˆb ∧ eˆc)
−Xa2 ∧ (e−Ca eˆa) ∧ (zbeCb eˆb)− eC1+C2+C3G1 ∧ eˆ1 ∧ eˆ2 ∧ eˆ3
− zae2CaY a1 ∧ (e−C1−C2−C3 eˆ1 ∧ eˆ2 ∧ eˆ3) (A.17f)
where the dual vielbeins are defined to be
eˆi = eCi∆−1
{
zizjDzj + e
2
∑
i 6=j CjDzi + ijkzje
2CjDzk
}
. (A.18)
9Observe that, compared with [41], we have some different signs in the dual RR-fields. We thank
Eoin O´ Colga´in for letting us know about it.
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